QUADRATIC n-ARY HOM-NAMBU ALGEBRAS 



F. AMMAR, S. MABROUK AND A. MAKHLOUF 

Abstract. The purpose of this paper is to introduce and study quadratic n-ary Hom-Nambu algebras, 
which are n-ary Hom-Nambu algebras with an invariant, nondegenerate and symmetric bilinear forms 
that are also a-symmetric and /3-invariant where a and /3 are twisting maps. We provide constructions 
of these n-ary algebras by using twisting principles, tensor product and T*-extension. Also is discussed 
their connections with representation theory and centroids. Moreover we show that one may derive 
from quadratic n-ary Hom-Nambu algebra ones of increasingly higher arities and that under suitable 
assumptions it reduces to a quadratic (n — l)-ary Hom-Nambu algebra. 



Introduction 

The main motivations to study n-ary algebras came firstly from Nambu mechanics |29] where a ternary 
bracket allows to use more than one hamiltonian and recently from string theory and M-branes which 
involve naturally an algebra with ternary operation called Bagger-Lambert algebra [TT]. Also ternary 
operations appeared in the study of some quarks models see [3TJ [321 [33] ■ 

Algebras endowed with invariant nondegenerate symmetric bilinear form (scalar product) appeared also 
naturally in several domains in mathematics and physics. Such algebras were intensively studied for 
binary Lie and associative algebras. The main result is that called double extension given by Medina and 
Revoy [28j or T*-extension given by Bordemann |13j . These fundamental results were extended to n-ary 
algebra in [TC] . The extension to Hom-setting for binary case was introduced and studied in [T2] . 
In this paper we summarize in the first Section definitions of n-ary Hom-Nambu algebras and recall 
the constructions using twisting principles and tensor product with n-ary algebras of Horn-associative 
type. In Section 2, we introduce the notion of quadratic n-ary Hom-Nambu algebra, generalizing the 
notion introduced for binary Horn-Lie algebras in (12) . A more general notion called Horn-quadratic 
n-ary Hom-Nambu algebra is introduced by twisting the invariance identity. In Section 3, we show 
that a quadratic n-ary Hom-Nambu algebra gives rise a quadratic Hom-Leibniz algebra. A connection 
with representation theory is discussed in Section 4. We deal in particular with adjoint and coadjoint 
representations, extending the representation theory initiated in [12 \ I36 j . Several procedures to built 
quadratic n-ary Hom-Nambu algebras are provided in Section 5. We use twisting principles, tensor 
product and T*-extension to construct quadratic n-ary Hom-Nambu algebras. Moreover we show that 
one may derive from quadratic n-ary Hom-Nambu algebra ones of increasingly higher arities and that 
under suitable assumptions it reduces to a quadratic (n — l)-ary Hom-Nambu algebra. Also real Faulkner 
construction is used to obtain ternary Hom-Nambu algebras. The last Section is dedicated to introduce 
and study the centroids of n-ary Hom-Nambu algebras and their properties. We supply a construction 
procedure of quadratic n-ary Hom-Nambu algebras using elements of the centroid. 

Most of the results concern n-ary Hom-Nambu algebras. Naturally they are valid and may be stated for 
n-ary Hom-Nambu-Lie algebras. 

1. The n-ary Hom-Nambu algebras 

Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed 
field of characteristic zero, even though for most of the general definitions and results in the paper this 
assumption is not essential. 
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1.1. Definitions. In this section, we recall definitions of n-ary Hom-Nambu algebras and n-ary Hom- 
Nambu-Lie algebras, generalizing n-ary Nambu algebras and n-ary Nambu-Lie algebras (called also Fil- 
ippov algebras). They were introduced in [7] by Ataguema, Makhlouf and Silvestrov. 

Definition 1.1. An n-ary Hom-Nambu algebra is a triple (A/", [•,...,•], a) consisting of a vector space 
A/", an n-linear map [•, •] : Af n — > Af and a family a = (cxi)i<i< n -i of linear maps on : Af — > A/", 
satisfying 

(1-1) [ai(xi),....,a n -i{x n -i),[yi,....,y n ]] = 

n 

X] •■•■,a l _i(y l _i), [xi, ....,x n - 1 ,y i ],a l (y l+1 ), a„_i(y„)] , 

i=l 

for all (xi, ...,x n -i) G A/" n_1 , (yi, y n ) G A"™. 
The identity ()1.1[) is called Hom-Nambu identity. 

Let a; = (xi, . . . ,x„_i) G A"' 1-1 , cE(x) = (ai(xi), . . . , a„_i(x„_i)) G A/"" -1 and y £ Af. We define an 
adjoint map arf(X) as a linear map on Af, such that 

(1.2) ad(x)(y) = [xi,--- ,x n -i,y]. 

Then the Hom-Nambu identity fll.lj) may be written in terms of adjoint map as 

2n-l 

ad(a(x))([x n) ...,X2Ti-i]) = I" 1 ^™)' — ' a i-n(»i-i)) ad(x)(a;j), aj_„+i(x.; + i)..., a n _i(x 2 „-i)]. 

Remark 1.2. When the maps (ci!i)i<,< n _i are all identity maps, one recovers the classical n-ary Nambu 
algebras. The Hom-Nambu Identity (jl.ip . for n = 2, corresponds to Hom-Jacobi identity (see [H]), which 
reduces to Jacobi identity when ct\ = id. 

Let (Af, [•,...,•], 5) and (Af' , [•,■■■, ■]', 5') be two n-ary Hom-Nambu algebras where a = (oii)i—i t ... >n _i 
and 5' = (a^)j = i.... A linear map / : Af — > Af' is an n-ary Hom-Nambu algebras morphism if it 

satisfies 

f([x lr ■ ■ ,x n }) = [/(xi),--- ,f(x n )}' 

f ° a>i = of i o / Vz = 1 , n — 1 . 

Definition 1.3. An n-ary Hom-Nambu algebra (Af, [•,...,•], a) where a = (oti)i<i< n -i is called n-ary 
Hom-Nambu-Lie algebras algebra if the bracket is skew-symmetric that is 

(1.3) [xc{i), -,x a (n)} = Sgn(a)[x!, ..,x n ], Vcr G S n and Vxi, x„ G Af. 
where S n stands for the permutation group of n elements. 

The condition Ql.ip may be written using skew-symmetry property of the bracket as 
(1-4) [«i(xi), ....,a„_i(x„_i), [yi, .. ..,?/„]] = 

n 

^2(-iy +n [a 1 (y 1 ), ....,yi, ...,a„_i(y„), [xi, ..... x n _i, yj] , 

i=l 

In the sequel we deal sometimes with a particular class of n-ary Hom-Nambu algebras which we call n-ary 
multiplicative Hom-Nambu algebras. 

Definition 1.4. An n-ary multiplicative Hom-Nambu algebra (rcsp. n-ary multiplicative Hom-Nambu- 
Lie algebra) is an n-ary Hom-Nambu algebra (resp. n-ary Hom-Nambu-Lie algebra) (Af, [■, -],S) with 
a = (oii)i<i< n —i where a± = ... = a n _i = a and satisfying 

(1.5) a([xi,..,x n \) = [a(x 1 ),..,a(x n )], Vxi, ...,x„ G Af. 

For simplicity, we will denote the n-ary multiplicative Hom-Nambu algebra as (Af, [•,...,•], a) where 
a : Af — > Af is a linear map. Also by misuse of language an element x G Af n refers to x = (xi, .., x n ) and 
a(x) denotes (a(xi), ...,a(x n )). 
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1.2. Constructions. In this Section we recall the construction procedures by twisting principles. The 
first twisting principle, introduced for binary case in |39j . was extend to n-ary case in [TJ. The second 
twisting principle was introduced in |40j . Also we recall a construction by tensor product of symmetric 
totally n-ary Hom-associative algebra by an n-ary Hom-Nambu algebra given in [7J . 
The following Theorem gives a way to construct n-ary multiplicative Hom-Nambu algebras starting from 
a classical n-ary Nambu algebras and algebra endomorphisms. 

Theorem 1.5. |7j Let (A/", [-, •]) be an n-ary Nambu algebra and let p : J\f — > M be an n-ary Nambu 
algebra endomorphism. Then (A/", p o [■, -},p) is an n-ary multiplicative Hom-Nambu algebra. 

In the following we use the second twisting principal to generate new n-ary Hom-Nambu algebra starting 
from a given multiplicative n-ary Hom-Nambu algebra. 

Theorem 1.6. Let (A/*, [•,...,•], a) be a multiplicative n-ary Hom-Nambu algebra. Then (A/", a" -1 o 
[•, •], a n ), for any integer n, is an n-ary multiplicative Hom-Nambu algebra. 

Now, we define the tensor product of two n-ary Hom-algebras and prove some results involving n-ary 
Hom-algebras of Lie type and Hom-associative type. 

Let A be a K-vector space, p be an n-linear map on A and r/j, i £ {1, • • • ,n — 1}, be linear maps on A. 
A triple (A, p, ?y = (r/i, f] n -i)) is said to be a symmetric n-ary totally Hom-associative algebra over K 
if the following identities hold 

(1.6) /i(ai, a, ; , ...,a,j, ...,«„) = p(ai, a,j, a t , a„), V i, j £ {1, n}, 

(1.7) /i(/i(ai, ...,a„),77i(a„+i), 77 n _i(a 2Tl -i)) = p(r)x(ax), p(a 2 , a„+i), n 2 (a n+2 ), 7?„_i(a 2 „_i)) 
= • ' • = M^ifai); ■■■,Vn-i(a n -i), p{a n , ■••,a2n-i)), 

where ai, 02,1-1 £ A. 

Theorem 1.7. Let (A, p,,rj = (7/1, r) n -x)) be a symmetric n-ary totally Hom-associative algebra and 
(A/", [•, -]_\r,a) be an n-ary Hom-Nambu algebras. Then the tensor product A® J\f carries a structure 
of n-ary Hom-Nambu algebra over K with respect to the n-linear operation defined by 

(1.8) [ai ® xi, a„ ® x„] = p(ai, a n ) <S> [xi, x n ]tf, where xi £ A/", a; £ A, I £ {1, n}, 
and linear maps £ = (£1, Cn-i) where Q = rji ® ai, for i £ {1, n — 1}, defined by 

(1.9) &(a®x) =r)i(a) ®a<i(x), V a <g) x £ A® N. 
Proof. For cik® Xk, bi ® yi £ A® A/", 1 < k < n — 1 and 1 < I < n, we have 



The symmetry and totally associativity of A lead to 

[Ci(h <8> 2/1), [01 (8 xi, ...,a„_i ® a;„_i,6; (8 yi], Cn-i(K <8> y n )] 

= v(vi(h), -,p{a\, ...,o n _i,6j), ...,??„„i(fe n _i)) ® [[ai(yi), [xi, x n _i, yi]j\f, a„_i(y n )]^ 

= /i(r?i(ai), ...,r? n _i(a n _i),/i(6i, ...,&„)) ® [ai(?/i), [xi, x n _i, a„_i(y„)]^. 



[Ci(oi (g)Xi),...,C«-l 
= M(f/i(ai),-,i7n-i 




® x„_i), [61 (g> yx, 6„ ® 2/n]] 

),p(h, ...,b n )) <g> [ai(xi), ...,a„_i(a; n _i), [yi, ...,y n WW- 



Thus 



y^[Ci(^i ® 2/1)1 [oi ® xi,...,a n _i 



(g)X„_i,&; ®2/i],...,Cn-l 



(&n ® Vn)] 



1=1 



n 



p(r]x (ax), ...,T]n-i 



),p(bi,...,b n )) ® ( y^[ai(yi), [xi, ...,x„_i,2/z]at, ...,a n _i 



(y«)]AA 



p,(r)x(ax), ...,n„-i(a„_i 



[ai(xi), ...,a„_i(x„_i), [yi, yn]jv]jv. 



□ 



4 



F. AMMAR, S. MABROUK AND A. MAKHLOUF 



Corollary 1.8. Let (A,pL,rf) be a multiplicative symmetric n-ary Horn-associative algebra ( i.e. n o /j = 
fj,or]® n ) and (A/", [•, •JaA, at) be a multiplicative n-ary Hom-Nambu algebra. Then A®Af is a multiplicative 
n-ary Hom-Nambu algebra. 

Remark 1.9. Let (A,-) be a binary commutative associative algebra and (Af ,[-,..., -]^, a) be an n-ary 
Hom-Nambu algebra. Then the tensor product A <S> Af carries a structure of n-ary Hom-Nambu algebra 
over K with respect to the n-linear operation defined by 

(1.10) [ai ® xi, ...,a n ® x n ] = (ai • ... • a„) ® [x\, ...,x n ]tf, 

and linear maps £ = (£1, Cn— 1) where Q = id ® ojj, for i G {1, n — 1}, defined by 

(1.11) Q(a®x) = a®ai{x), V a®x e A®Af. 

2. Definitions and examples of quadratic n-ARY Hom-Nambu algebras 

An important class of Nambu-Lie algebras, due to their appearance in a number of physical contexts, are 
those which possess a scalar product (here, a nondegencrate symmetric bilinear form) which is invariant 
under derivation. 

In this section we introduce a class of Hom-Nambu-Lic algebras which possess an inner product. 

Definition 2.1. Let (Af, [.,...,.], 5), a = (o^)i<i<„_i be an n-ary Hom-Nambu algebra and B : Af x 
jV->Ka nondegenerate symmetric bilinear form such that, for all y, z € Af and x e £{Af) 

(2.1) B([xi,--- ,x n -i,y],z) + B(y,[xi, - ■ ■ ,x„-i,z}) = 0, 

(2.2) B{a i (y),z)=B(y,a i {z)), V* G {l,...,n- 1} 

The quadruple (Af, [-,...,-.], 5, B) is called quadratic n-ary Hom-Nambu algebra. 

Remark 2.2. If ai = Id for all i € {1, n — 1}, we recover the invariant n-ary Nambu algebras. 

Definition 2.3. An n-ary Hom-Nambu algebra (Af, [., .], a), a = (ai)i<i< n -i is called Horn-quadratic 
if there exists a pair (B,f3) where B iA/'xA/'— >Kisa nondegenerate symmetric bilinear form and a 
linear map (3 G End(Af) satisfying 

(2.3) B([ Xl ,--- ,x n - 1 ,y},l3(z)) + B(fd(y),[ Xl ,--- } x n -i,z])=0, 

We call (|2.3[) the /3-invariance of B. We recover the quadratic n-ary Hom-Nambu algebras when j3 = id. 
The tuple (Af, [■, -.],a, B, /3) denotes the Horn-quadratic n-ary Hom-Nambu algebra. 

Example 2.4. We consider an example ternary Hom-Nambu algebra given in [40] . Let V be a WL-module 
and B : V® 2 — > K be a nondegenerate symmetric bilinear form. Suppose a : V —> V is an involution, 
that is a 2 = id. Assume that B is a-symmetric, that is B(a(x),y) = B(x,a(y)) for all x, y G V. We 
have also B(a(x),a(y)) — B(a 2 (x),y) = B(x,y). Then for any scalar AeK, the triple product 

(2.4) [x,y,z] a = \(B(y,z)a(x) - B(z,x)a(y)) for all x, y, z G V. 

gives a Horn-quadratic ternary Hom-Nambu algebra (V,[.,.,.] a ,(a,a)), a-invariant by the pair (B,a). 
Indeed, for x,y,z,t G V 

B([x,y,z] a ,a(t)) = \(B(B(y,z)a(x)-B(z,x)a(y),a(t))) 

= X(B(y, z)B(a(x),a(t)) - B(z, x)B(a(y), a(t))) 

= \(B(y,z)B(x,t)~B(z,x)B(y,t)) 

= X(B(a(y),a(z))B(x, t) - B(a(z), a(x))B(y, t)) 

= X(B(a(z), a(y))B(x, t) - B(a(z), a(x))B(y, t)) 

= X(B(a(z), a(y)B(x, t) - a(x)By, t))) 

= -\(B(a(z),a(x)B(y, t) - a(y)B(t, x))) 

= -B(a(z),[x,y,t] a ). 
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Example 2.5. Let (A/", [•, •, •], (ai, o^)) be a 3- dimensional ternary Hom-Nambu-Lie algebras, defined with 
respect to a basis {ei, 62,63} of N by 

(2.5) [ei,e 2 ,e 3 ] =ei + 2e 2 + e 3 , 

(2.6) ai(ei) = 0, ai(e 2 ) = Aei + ^e 2 , ai(e 3 ) = ^ei + ^e 2 , 

(2.7) a 2 (ei)=0, a 2 (e 2 ) = 0, a 2 (e 3 ) = be 3 . 

where A, v, 6 are parameters with Xv = 0. These 3- dimensional admits symmetric bilinear forms B given, 
with respect to the previous basis, by the following matrix 

I -J 1 (x-2) 

M = 1 (2^ - 1) 

V ($-2) (2A-1) (4-4$-£) 

TTie ternary Hom-Nambu-Lie algebras (A/", [•, •, •], (0:1,0:2)), respect to B, is not quadratic because B 
is degenerate (det(M) = 0). 

3. From quadratic h-ary Hom-Nambu-Lie algebra to quadratic Hom-Leibniz algebra 

In the context of Hom-Lic algebras one gets the class of Hom-Leibniz algebras (see [51]). A Hom-Leibniz 
algebra is a triple (V, [•, -],a) consisting of a linear space V, a bilinear map [-,-]: V x V — >■ V and a 
homomorphism a : V — > V with respect to [•, ■] satisfying 

(3.1) [a(x), [y, z\] = [[x, y],a(z)} + [a(y), [x, z]} 

We fix in the following some notations. Let (TV, [■,...,•], 5) be an n-ary Hom-Nambu algebra, we define 

• a linear map L : ® n ~ 1 N — > End(N) by 

(3.2) L(x) -z = [xi,...,x n -i,z], 

for all x = xi (8> ... ® x n -i G ® rl_1 A/', z £ Af and extending it linearly to all <g) n_1 A/'. Notice that 
L(x) ■ z = ad(x){z). 

If the n-ary Hom-Nambu algebra TV is multiplicative, then we define 

• a linear map a : ® n_1 7V — > ® n ~ 1 N by 

(3.3) a(x) = a(xi) ® ... ® a(a; n _i) 
for all x = xi ® ... €5 z n -i G ® n ~ 1 Af, 

• a bilinear map [ , ] a : ^i n ~ 1 Af x ® n- W — >■ ® n ~ 1 Af defined by 

n-1 

(3.4) [x,y] a = L(x) i„j=^ ("(yi), ...,L(x) • y 4 , ...,a(j/ n _i)), 

8=0 

for all x = xi <g> ... <g> x n -x G <g)" _1 7V, y = 2/1 ® ... <8> y„_i G (gi^W 



If (A/", [•, ■], a) is a multiplicative rt-ary Hom-Nambu-Lie algebra, we denote by £(Af) the space A" 1 Af 
and we call it the fundamental set. 

Lemma 3.1. Let (A/", [■, - ],cf) &e a multiplicative n-ary Hom-Nambu algebra then the map L satisfies 
(3.5) L([x, y] a ) ■ a{z) = L{a(x)) ■ (L(y) ■ z) - L(a(y)) ■ (L(x) ■ z) 

for all x,y G C(Af), z G Af 

Proposition 3.2. The triple (jC(AP), [ , ] a , a\, where [ , ] Q and a are defined respectively in \3.3\ and 
is a Hom-Leibniz algebra. 
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Remark 3.3. The invariance identity (|2.1[) of an n-ary Nambu algebra with respect to a bilinear form B 
can be written 

(3.6) B(L(x)-y,z)+B(y,L(x)-z)=0, 
and /3-invariance identity ()2.3|) by 

(3.7) B(L(x) ■ y, (i(z)) + B(fi(y),L(x) -z)=0, 

Proposition 3.4. Let (Af, [■,...,•], a, B, a) be a Bom- quadratic multiplicative Hom-Nambu-Lie algebra 
a-invariant and (£(AT), [ , } a , a) be its associated Hom-Leibniz algebra, then the natural scalar product 
on C(J\f), B defined by 

n-l 

(3.8) B(x,y) = B( Xl A ... A x n -i, y\ A ... A y n -i) = Yl B (xi,yi) 

i=0 

and later extending linearly to all of £(J\f), is a-invariant. That is, for all x,y,z G £(J\f): 

(3.9) B([z, x] a , a{y)) + B(a(x), [z, x] a ) = 0. 
Hence, (£(Af), [ , ]„, a,B, 6t) is a Horn-quadratic Hom-Leibniz algebra. 

Proof. Let x = (x±, ...,x n -\), y = (yi, ...,y„_i) and let z €E C(M). Then using equation (|3.9[) we have 
B([z, x] a ,a(y)) = B(L(z) » Q x, &(y)) 

Tl-l 



= ^B((a(xi), ...,L(z) ■ xu ...,a(x n _i)), (a(j/i),...,a(j/„_i))) 

i=0 

n—1 n—1 

= ^2,B(L{z)-x u a{yi)) \\ B{a{xj),a{xj)) 

i=0 j=0 jjti 

n—1 n—1 

= - B (a(xi),L(z) ■ yi) JJ B{a{x j ),a(y J )) 

i=0 j=0 jjii 

n-l 

= -^2 B((a(xi),...,a(x n -i)), (a(yi), ...,L(z) ■ y h a(y n -i))) 

4=0 

= -B(a(x),L(z) » Q y) 
= -B(a(x), [z,y] a ). 

□ 



4. Representation theory and quadratic n-ARY Hom-Nambu algebras 

In this Section we study in the general case the representation theory of n-ary Hom-Nambu algebras 
introduced in II] for multiplicative n-ary Hom-Nambu algebras. We discuss in particular the cases of 
adjoint and coadjoint representations and the connection with quadratic n-ary Hom-Nambu algebras. 
The results obtained in this Section generalize those given for binary case in [12] , The representation 
theory of Horn-Lie algebras were independently studied in j3Hj . 

Definition 4.1. A representation of an n-ary Hom-Nambu algebra (TV, [•,...,•], a) on a vector space V 
is a skew-symmetric multilinear map p : TV"" -1 — > End(V), satisfying for x, y £ A/"™ -1 the identity 

n-l 

(4.1) p{a{x)) o p(y) - p(a{y)) o p(x) = ^ P(«i( x i), L (y) ' x h -, a n - 2 (x n -i)) ° v 

i=l 

where v is an cndomorphism on V . We denote this representation by a triple (V, p, p). 
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Two representations (V, p, p) and (V , p' , p') of Af are equivalent if there exists / : V — > V an isomorphism 
of vector space such that f(x -v) = x ■' f(v) and / o v = v 1 o f where x • v = p(x)(v) and x ■' v' = p'(x)(y') 
for x G A/"™ -1 , dgF and w' G V. Then V and V' are viewed as 7V" _1 -modules. 

Example 4.2. Let (Af, [•,...,•], a) be an n-ary Hom-Nambu-Lie algebra. The map L defined in (|3.2[) 
is a representation on Af and where the endomorphism v is the twist map a n —\. The identity (|4.1[) is 
equivalent to Hom-Nambu identity It is called the adjoint representation. 

Proposition 4.3. Let (A/", [.,...,], a) be a n-ary Hom-Nambu algebra and (V,p,u) be a representation of 
Af. The triple (V*, p* , v), where p* : Af"^ 1 — > End(V*) is given by p* = — *p and p* : V* — > V* , / n- 
v*(f) = /of, defines a representation of the n-ary Hom-Nambu-Lie algebra (Af, [., ...,], a) if and only if 

n-1 

(4.2) p(x)op(a(y)) - p(y) o p(a(x)) = ^ v o p(ai(x 1 ), ...,L(y) ■ x it ...,a n - 2 (x n -i)) 

i=l 

Proof. Let / G Af*, x, y G A/"" -1 and u G Af . We compute the right hand side of the identity (|4.1[) 

p*{a(x)) o P *(y)(f)(u) - p*(a(y)) o p*(x)(/)(u) 

= (p'(a(a ; ))(p*(y)(/))-p*(a(i,))(p*( a :)(/)))(t t ) 

= -(p*(l/)(/)0>(S(*)))(«)) + (p*(x)(/)(p( ( i(y)))( U )) 

= /(p(«)(p(a(:r))(n))) - f(p(x)(p(a(y))(u))) 

= f(p(y)(p(a(x))(u)) - p(x)(p(a(y))(u))). 
In the other hand, the left hand side of (14. 1| writes 

n-1 

P*( a i( x i), -, L (y) ■ x i, On-afcri-i)) ° v* (f))(u) 

i=l 

n-1 

= - ^2(v*{f)(p(ai{xi), ...,L(y) ■ x t , a„_ 2 (x n -i ))(«))) 

i=l 
n-1 

= - ^ /(i/(p(ai(a;i), • as*, a„_ 2 (ar„_i))(u))) 

i=i 

n-1 

= /(- v(p{ar{xi), ...,L(y) ■ x u a n ^ 2 (x n -i))(u)))- 

i=l 

Therefore we obtain the identity (|4.2j) . □ 

Corollary 4.4. Let (Af, L, a„_i) be a representation of an n-ary Hom-Nambu algebra (Af, [■, ■], a). We 
define the map L : Af^ 1 -)• End(Af*), for x G A/"" -1 , f £ Af* and y £ Af, by (L(x)-f)(y) = -f(L(x)-y). 
Then (Af* , L, «*_[) is a representation of Af if and only if 

n-1 

(4.3) L(x) o L(a(y)) - L(y) o L(a(a;)) = ^ a n-i ° L(a>i(xi), ...,L(y) ■ x t , a n _ 2 (ar n _i)). 

i=l 

We establish now a connection between quadratic n-ary Hom-Nambu algebras and representation theory. 

Proposition 4.5. Let (Af, [■, ■], a) be an n-ary Hom-Nambu algebra. If there exists B : Af x Af — > K 
a bilinear form such that the quadruple (Af , [•,...,■], a, B) is a quadratic n-ary Hom-Nambu algebra then 

(1) (Af* , L, a* l _ 1 ) is a representation of Af , 

(2) the representations (Af, L, a n —i) and (A/"*, L, a*^) are isomorphic. 
Proof. To prove the first assertion, we should show that, for any z G Af, we have 

n-1 

(4.4) L(x) o L(a(y)) ■ z - L(y) o L(a(x)) ■ z = }^ a n _i o L(a>i(xi), ...,L(y) ■ x i} a n - 2 (x n -i))(z) 

i=l 



8 



F. AMMAR, S. MABROUK AND A. MAKHLOUF 



Let iieJV 

B(L(x) o L(a(y)) ■ z — L(y) o L(a(x)) ■ z, u) 
= B{L{x) o L{a(y)) ■ z,u) — (L(y) o L(a(x)) ■ z, u) 
= B(L(a(y)) ■ z, L(x) ■ u) - (L(a(x)) ■ z, L(y) ■ u) 
= B{z, L(a{y)) o L{x) ■ u) — (z, L(a{x)) o L{y) ■ u) 
= B(z, L(a(y)) o L(x)(u) - L(a(x)) o L(y)(u)) 

and 

B(a„_i o L{a\{xi), L(y) ■ x i} a n - 2 (x n - 1 ))(z), it) 
B(a n -i o L(ai(xi), • sc^, a n - 2 (x n -i))(z), u) 
= B(L(a>i(xi), ...,L(y) ■ x i} a„_ 2 (a; n _i))(z), a„_i(n)) 
= S(2,L(ai(xi), ...,L(y) ■ x iy a„_ 2 (i„-i)) o a„_i(u)) 
= L(ai(a;i), L(y) • x 2l a„_ 2 (a; n _i)) o a„_i(ti)) 

Since B is bilinear, then 

n-1 

Q!n-i ° L(ai(a;i), ...,L(y) 

1=1 

n-1 

= L(ai(a;i), • x i} a n - 2 (x n -i)) o a„_i(u)) 

i=l 

Hence 

n-1 

B{L{x) o L(a(2/)) ■ z - o L(a(x)) • z - ^ a n _i o L(ai(a;i), ...,L(y) ■ x u a„_ 2 (x„_i))(z), u) 

i=l 

n-1 

= B(2;,L(a(2/)) o L(x) ■ u - L(a(x)) o L(y) ■ u - ^ L(ai(xi), ...,L(y) ■ x i} ...,a n - 2 (x n -i)) o a„_i(u)) 

i=l 

= 

Since -B is nondegenerate then we have the identity (|4.4|) . 

For the second assertion we consider the map ip : AT — > M* defined by x (-> ■) which is bijective since 
B is nondegenerate and prove that it is also a module morphism. □ 

5. Constructions of Quadratic u-ary Hom-Nambu algebras 

5.1. Twisting principles. We show in the following some constructions of Horn-quadratic Hom-Nambu- 
Lie algebras starting from an ordinary Nambu-Lie algebra and from tensor product of Horn-quadratic 
commutative Horn-associative algebra and Horn-quadratic Hom-Nambu-Lic algebra considered in Theo- 
rem CEO 

Let (A/", [•,...,■], B) be a quadratic n-ary Nambu algebras. We denote Auts(Af, B) by the set of symmetric 
automorphisms of J\f with respect of B, that is automorphisms / : J\f — > J\f such that B(f(x),y) = 
B(x,f(y)),Vx,y€Af. 

Proposition 5.1. Let (A/", [•, -],B) be a quadratic Nambu algebra and p 6 Auts(Af,B). 
Then (Af ,[■,..., -] p , p, B, p) where 

(5.1) [.,...,.]„ = po [-,...,.] 

is Horn-quadratic Hom-Nambu algebra, and (Af, [•, -] p ,p,B p ) where 

(5.2) B p (x,y) = B(p(x),y) 
is a quadratic Hom-Nambu algebra. 
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Proof. Let x = (x%, ...,x n _i) e TV®" -1 et yi,y 2 £ AT, 

S([xi, ...,a;„_i,yi] p ,p(y2)) = B([p(xi), p(x n _ 1} , p(yi)}, p(y 2 )) 

= -B(p(yi), [p{xi), p(x n -x),p(y 2 )]) 
= ~B(p(yi),p o [xi, x n - 1 ,y 2 \) 
= - B (p{yi), [xi, ...,x n -i,y 2 ]p). 

In the other hand we have 

B p ([xi,...,x n -i,yi]p,y 2 ) = B(p\p{x x ), p(x n _i), p(y 1 )],y 2 ) 

= B{\p{x{), ..■■,p{x n _ 1) ,p(yi)],p{y 2 )) 
= ~B(p(yi), [p(xi), p(x n -i),p(y 2 )]) 
= -B(p{yi),P° [x\,-,x n - U y 2 ]) 
= -Bp{yi, [xr,...,x n - 1 ,y 2 ] p ). 



□ 



Proposition 5.2. Let (TV", [•,...,•], a, B) be a quadratic multiplicative Hom-Nambu algebra. Then the 
(TV, a™" 1 o [•,...,•], a n , B, a n ) is Horn-quadratic Hom-Nambu algebra and (TV, a™ -1 o [■,...,•], a™, B a ), 
where 

(5.3) B a {x,y) = B{a n - 1 {x),y) = B{x,a n - l {y)), 

is quadratic Hom-Nambu algebra, 

Proof. Using the second twisting centrale construction in Theorem II .61 (TV, a™ -1 o [•,...,•], a n ) is a Hom- 
Nambu algebra. Let now Xi, y, z € TV, i £ {1, n — 1}, we have 

B a {a n -\y),z)^B{a 2n -\y) 1 z)=B{a n - 1 (y),a n -\z)) = B a {y 1 a n - 1 {z)). 

In the other hands, we have 

B a (a n ^ o [x!,...,x n -i,y],z) = B(a n_1 o [ Xl , as n _i, y], a"" 1 ^)) 

= B(K- 1 (xi),...,a™- 1 (x„_i),a"^ 1 (y)],a , ^ 1 (z)) 

= -i?K- 1 ( 2/ ),[a"- 1 (x 1 ),...,a"" 1 ( a ; rl _ 1 ),a"- 1 (z)]) 

= -B(a n - 1 (j/),a n_1 o [x 1; ...,x„_ 1; z)] 

= --Ba^a™^ 1 o [xt, ...,x n -i,z)]. 

Therefore B a is invariant. □ 

5.2. T*-Extension of n-ary Hom-Nambu algebras. We provide here a construction of Hom-Nambu 
algebra C which is a generalization of the trivial T*-extension introduced in [T3l [28] . 



Theorem 5.3. Let (TV, [■,..., B) be a quadratic n-ary Nambu-Lie algebra and TV* be the underlying 
dual vector space. The vector space C = TV ©TV* equipped with the following product [■,..., -\c '■ C n — > C 
given, for Ui = .t, + /j 6 C where i 6 {1, n} by 

n 

(5.4) [ui,...,u n ] c = [xi, ...,x n ]tf + ^(-l)' l+n+1 /i °L(xi,...,Xi,...,x n ), 

i=l 

and a bilinear form 

(5 ' 5) S £ (x + / ) y + 5 )=5( : r,y) + /(t/)+ 5 (a ; ) 

is a quadratic n-ary Nambu algebra. 
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Proof. 

*) Set Ui = Xi + fi G C and u, = yu + 9k € C. We show the following Nambu identity on £ 

n 

(5.6) [m, ...,Un-i, [vi, -,v n ]c)c = ]T)(-l)' + "fai! ...,€i,...,v n , [m, ...,U n - 1 ,Vi] C }c- 

1=1 

Let us compute first [ui, ...,u n —i, [vi, —,v n ]c]c- This is given by 

[Ml, ...,«„_!, [ui, ...,«„]£]£ 

n-1 

= [xi, ...,a; n _x, [j/i, .-.,yTi]jv]jV + y^(-l)' + " +1 /a o L(xi, ...,x;, ...,x„_i, [yi, ...,y„]jv) 

i=l 

n 

+ y^(-l)' + "ffj o L(y x , ...,yl, ...,y„) o L(xi, ...,x n _i). 
i=l 

Hence the right hand side (|5.6p give, for any I S {1, n} 

[ui,..., Sj, ...,«„, [mi, ...,u„_i,w ; ] £ ]£ = [yi, ...,y}, ...,y„, [xi, x n -i, Ui]n]n 

n-l 

+ ^ (-!)'+" fj o ...,x i: ...,x n -x,yi) o L(yt, ...,y h ...,y„) 

?:=i 

n 

+ ^2{-^T +n+1 9t ° L(Vl, Vi, ■■; Vi, ■■; Vn, [x%, X71-I, 2/lW) 
i=l 

+ .g; o L(xi, X„_i) o L(y 1; y), y„). 



★) Using the Nambu identity on J\f, we have 

n 

[xi, ...,£„_i, [yi, ...,yl, ...,yTij«]jvW = X] ( _1 )' + "[yi 1 •••>&> — >2/2j ->2/n-l, [Sli— ,Zn-l,2/jW, 

1=1, i^i 

Equivalcntly 

L(yi, -,yh-,yn)°L(xi, ...,x„_i) 

n-l 

= L(xt, ...,x n -i) o L(y 1 ,...,yi, ...,y n ) + ^(-l) l+ " +1 L(yi, ...,y it ...,y h ...,y n , [xi, ...,x n -x,yi] 

£=1 

Thus for any I S {1, ...n} 

.9; °%, -,yi,-,yn) °L(xi, ...,x n -i) -gio L(xi, x„_i) o L(y!, y h ...,y n ) 



= 2j(-l) t+n g; o L(yx, ...,yi, yi, y n , [x x , x n _i, y{[). 



i=l 



*) In the other hand we show that, for 6 {1, ...n} 

- / fe o L(xi, ...,Xk, ...,x n _i, [yi, ...,j/ re ]jv) 

n 

= X(-l) !+ "/fe o i(a;i, x n _i, yj) o L(yi, yl, y n ). 

i=l 

Using the Namby identity (|5.6[) on A/" and the invariance of -B, we obtain 

B([xi, ...,Xk, ...,x„, [yi, ...,yn]jv]jvA, 2) = £(x„, [xi, ...,x^, ...,x„_i, [yi, 2/»]jV, 
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Hence 

n 

BC^2(-iy +n [yi, .:,Vi, ...,y n , [xi, ..;Xk,.~,x n ,yi]jfW,z) 

4=1 

n 

= ^2(-iy +n B([yi, ffi, y„, [xi,...,Xk, x n , yi\tf]jsr, z) 

i=l 

n 

= -yj(-l) t+n .B([gi,..., Sit, x n , yi]x, [yx, yl, y n , z]u) 
i=i 

n 

= -/X~ 1 ) l+nB ^ x n^ [xi,—,xk, ...,x n -i,Vi, [yx, .:,yi, -,y n , z]u]n) 

i=l 

n 

= -B(x n , ]P(-l) l+ "[a;i, x n - X ,yi, [yx, y 4 , y„, zW)- 

?:=i 

Since -B is nondegenerate, then 

- [x!,...,Xk, ...,x n -x, [yx, ...,y n ]tf, z]m 

n 

= ^2{-if +n [xi, -,xk,...,x n -x,yi, [yi,-,yl,-,yn,zWW, 

and equivalcntly 

n 

-L(a;i, ...,Sfc, .. .,£ n _i, [yi, ...,2/nW) = yj(-l) t+ "£(a:i, ... ,£fc, ...,x n _i, o L(y x , ...,yl, ...,y n ). 

?=i 

Finally, the Nambu identity (|5 .€>[) is satisfied. Thus (£, [•,..., •]/;) is an n-ary Nambu algebra. □ 

Theorem 5.4. Let (TV, [•,..., •Jjv, -B) oe a quadratic n-ary Nambu-Lie algebra where a £ Auts{M,B) is 
an involution. Then (£, [•, -]n, 0, £?£, 17), where Q, : C — > £, 2G + / — > Q(x + /) = + / o a and 
[•, -]q = o [•, •]£, is a Horn- quadratic multiplicative n-ary Hom-Nambu algebra. 

Proof. Let xi, cc„ e TV and /i, /„ £ TV*, 

+ /l, ...,£„ + /„]£ = + ° — •■•> a; ™) ° Q ' 

i=l 

n 

[&{xx + fi), ...,Cl(x n + f n )]c = [a(xx), ...,a(x n )]tf + 2j(-l)Vi ° a ° L(a(xi), ...,x i} ...,a(x n )). 

i=i 

That is for all z £ TV 

a o L(a(a;i), ...,a(x n ))(z) = a[a(xx), -,Xi, a(x n ), z]m 

= [a 2 (xx), ...,Xi, ...,a(x n ) 2 ,a(z)]x 
= [xx, —,Xi, ...,x n ,a{z)]M 
= L(xx, ...,Xi, ...,x n ) ■ a(z). 

Then Q.[xx +fx,—,x n + f n ]c = [£l(%i + /i), 0(x„ + f n )]c- 

In the following we show that f2 is symmetric with respect to Be- Indeed, let x, y £ TV and /, h S TV 

+ f),y + h) = B c (a(x) +foa,y + h) 

= B(a(x),y) + / o a(y) +/io a(x) 
= B(x, a(y)) + fo a(y) + ho a(x) 
= B c (x + f, a(y) +hoa) = B c (x + f, Q(y + h)) 
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Thus, using Proposition 15. 11 (£, [•, f2, Be, £1) is a Hom-quadratic multiplicative n-ary Hom-Nambu 
algebra. We have also that (£, [•, -]n, £2, Bc,n), where Bc,n(u,v) = Bc(Q(u),v), for all u, v £ £, is a 
quadratic multiplicative n-ary Hom-Nambu algebra. 

□ 

5.3. Tensor product. Let (A, fi, rj, B A , Pa) be a Hom-quadratic symmetric n-ary totally Horn-associative 
algebra, that is a symmetric n-ary totally Horn-associative algebra together with a symmetric nondegen- 
erate form satisfying the following assertions 

(5.7) B A ( Vl (a), b) = B A (a,rn(b)), for alH £ {1, n - 1} 

(5.8) B A (n(ai,...a n - 1 ,b),0 A (c)) = B A {ft A (a), n(ai, ...a„_ 1; c)), for all a*, 6, c £ A, i £ {1, n — 1}. 
We discuss now the tensor product as in Proposition [TTTJ 

Theorem 5.5. Lei (TV, [•, -]^f, a, B^f, (3j\f) be a Hom-quadratic n-ary Hom-Nambu algebra, then (A ® 
N, [■,...,■],(, B,lj) where 

(5.9) B(a®x,b®y) = BA{a,b)BM(x,y), 

(5.10) cj(a<g>a;) = p A {a) ® Pm{x). 
is a Hom-quadratic n-ary Hom-Nambu algebra. 

5.4. Hom-quadratic Hom-Nambu-Lie algebras induced by Hom-quadratic Horn-Lie algebras. 

In [S] the authors provided a construction procedure of ternary Hom-Nambu-Lie algebras starting from 
a bilinear bracket of a Horn-Lie algebra and a trace function satisfying certain compatibility conditions 
including the twisting map. 

The aim of this section is to prove that this procedure is still true for quadratic Hom-Nambu-Lic algebra. 
First we recall the result in [8j . 

Definition 5.6. Let (V, [■, •]) be a binary algebra and let t : V — > K be a linear form. The trilinear map 
[•, •, -] T : V x V x V — > V is defined as 

(5.11) [x,y,z] T = T{x)[y,z] +r(y)[z,x] +r(z)[x,y]. 

Remark 5.7. If the bilinear multiplication [•, •] is skew-symmetric, then the trilinear map [•, •, -] T is skew- 
symmctric as well. 

Theorem 5.8. [8] Let (V, [-, ■], a) be a Horn-Lie algebra and 7 : V — > V be a linear map. Furthermore, 
assume that r is a trace function on V fulfilling 

(5.12) r(a(x))r(y) = r(x)r(a(y)), 

(5.13) T(j(x))T(y) = r(x)r(7(y)), 

(5.14) T(a(x))j(y) = T(j(x))a(y), 

for all x, y £ V . Then (V, [•, •, -] T , (a, 7)) is a ternary Hom-Nambu-Lie algebra, and we say that it induced 
by (V,[;-],a). 

Proposition 5.9. Let (V, [•,•], a, B, /3) be a Hom-quadratic Horn-Lie algebra satisfying 

(5.15) B(a(x),y) = B(x,a(y)), 

(5.16) B( 1 (x),y)=B(x, 7 (y)), 

(5.17) T(x)B(f3(y),z)-r(y)B(/3(x),z)=0 for all x,y, z £ V. 
Then (V, [•, •, -] T , (a, 7), B, ft) is a Hom-quadratic ternary Hom-Nambu-Lie algebra. 
Proof. Let xi, x 2 , y\, 2/2 € V 

B([x 1 ,x 2 ,yi] T ,f3(y 2 )) = r(x 1 )B([x 2 , yi], /5(t/ 2 )) - t(x 2 )B([x 1 , y{\, f3(y 2 )) 
+ T( yi )B(lx u X2\,p{y 2 )). 
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£(/3(?/i), fci. x 2 , V2\t) = T(xi)B(/3(y 1 ), [x 2 ,y 2 ]) - T(x 2 )B(f3(y 1 ), [x x , y 2 ]) 
- r(y 2 )B(p(y 1 ), [xi,x 2 ]). 

Since B is symmetric, then 

B([x 1 ,x 2 ,y 1 ] T ,f3(y 2 )) + B(f3(y 1 ), [x 1 ,x 2 ,y 2 ] T ) = 0. 

□ 

5.5. Quadratic Hom-Nambu algebras of higher arities. The purpose of this section is to observe 
that every Horn-quadratic multiplicative n-ary Hom-Nambu algebra gives rise to a sequence of quadratic 
multiplicative Hom-Nambu algebras of increasingly higher arities. The construction of this sequence was 
given first in [ID] . 

Theorem 5.10. Let (Af, [■,...,•], a, B, j3) be a Horn-quadratic multiplicative n-ary Hom-Nambu algebra. 
Define the (2n — 1)- ary product 

(5.18) [xi, ...,x 2 „-i] (1) = [[xi, ...,x n ],a(x n+ i), ...,a(x 2n -i)] for x. t eV 

Then Af 1 = (Af, [■, ■] {1 \a 2 ,B,f3'), where f3' = (3a, is a Horn-quadratic multiplicative (2n — l)-ary 
Hom-Nambu algebra. 

Proof. For the proof of the (2n — l)-ary Hom-Nambu identity and the multiplicativity for Af 1 , see [40] . 
Let xi,...,x 2 „-2, 2/1,2/2 eAf 

B{[xi, ...,x 2n _2,2/i] (1) ,/3'(j/2)) = B([[x 1 , ...,x n },a(x n+1 ), a(x 2n - 2 ), a(j/i)], (3(a(y 2 ))) 

= -B(f3(a(yi)), [[xi, ...,x n ],a(x n+ i), ...,a(x 2n - 2 ),a(y 2 )}) 
= -B{(3\y 1 ) 1 [x u ...,x 2n . 2 ,y 2 ]^). 

Hence 

B([x 1 ,...,x 2n ^ 2 ,y 1 } ( < 1 \f3 , (y 2 )) + B(f3'(y 1 ),[x 1 ,...,x 2n „ 2 ,y 2 ]^) = 0. 

□ 

Corollary 5.11. Let (Af, [-,...,-], a, B, f3) be a Horn-quadratic multiplicative n-ary Hom-Nambu algebra. 
For k > 1 define the (2 k (n — 1) + 1)- ary product [-, inductively by setting [•, = [-, •] and 
(5-19) 

[xi,...,x 2fc(n _ 1)+1 ] (fe) = [[xi, ...,a; 2fc -i ( „_ 1)+1 ] (fe_1) ,a 2 (x 2fc -i ( „_ 1)+2 ), a 2 (a; 2 fc(„-i)+i)] (fc " 1) 
for all Xi G Af. 

Then Af k = (Af, [•, -}^ k \a 2 ,B,j3'), where j3' = (3a 2 , is a Horn-quadratic multiplicative (2 k (n— 1) + 
l)-ary Hom-Nambu algebra. 

5.6. Quadratic Hom-Nambu algebras of lower arities. The purpose of this section is to observe 
that, under suitable assumptions, a quadratic n-ary Hom-Nambu algebra with n > 3 reduces to an 
quadratic (n — l)-ary Hom-Nambu algebra. We use the construction given in [40j . 

Theorem 5.12. Let n > 3 and (Af, [•,...,■], a — (a±, ...,a n -i),B,/3) be a Horn-quadratic n-ary Hom- 
Nambu algebra. Suppose a G Af satisfies 

a\(a) — a and [a, x±, x n — 2 , a] = for all Xi G Af 

Then Af a = (Af, [•, -] a ,a a = (a 2 , a„_i), B, /3), where 

[xi,...,x„_i] a = [a, xi,...,x„_i] for all x, G TV, 

is a Horn-quadratic (n — l)-ary Hom-Nambu algebra. 
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Proof. Using [30], M a = (TV, [•, -] a ,a a = ( a 2, ■■■,ctn-i)) is an (i — l)-ary Hom-Nambu algebra. 
Let x\, ...,x n - 2 , 2/i,J/2 then 

B([xu-,Xn-2,yi]a,P(y2)) = B([a, X U •-, X n -2, Vl], PM) 

= -B(/3(y 1 ),[a,x 1 ,...,x n - 2 ,y2}) 

= -B(P(yi),[xi,...,X n -2,y2]a)- 

Hence 

B([xi, ...,x n -2,yi]a,/3{y2)) + B{P{yi), [xi, ...,X„_ 2 ,t/ 2 ]a) = 0. 

□ 

Corollary 5.13. Let{M, [•,...,•], a = (a\, a n —±), B, /?) be a Horn- quadratic n-ary Hom-Nambu algebra, 
with n > 3. Suppose for some k £ {1, n — 2} there exist a.; S £ for I < i < k satisfying 

o<-i(ai) = Oi for 1 <i < k 

and 

[ai, Oj, £j+i, x n _i, ctj] = /or 1 < j < fe and all xi £ N 
Then Nk = (A/ - , [•, •]*, a fe = (afe+i, a„-i), S, /3), wftere 

[xi,...,x„_i] fc = [oi,...,ajfe,xjt,...,a;„_i] /or a/i x, 6 TV 
is a Horn-quadratic (n — k)-ary Hom-Nambu algebra. 

5.7. Ternary Nambu algebras arising from the real Faulkner construction. Let (g, [•,•],£?) be 
a real finite-dimensional quadratic Lie algebra and let g* be the dual of g. We denote by (— , — ) the dual 
pairing between g and g*. 

For all x £ g and / £ g* we define an element <j>(x ® f) £ g by 

(5.20) B(y, <j>{x ® /)) = ([y, x],f} = f([y, x}) for all y £ g. 

Extending (f> linearly, defines a g-equivariant map (f> : g ® g* — > g, which is surjective. To lighten the 
notation we will write 4>(x, f) for </>(x (g> /) in the sequel. The g-equivariance of </> is equivalent to 

(5.21) [<t>(x, /), <f>(y, g)] = <t>([<t>(x, /), y],g) + 4>{y, <t>(x, f) ■ g), 
for all x, y £ g and /, g £ g*, where (^(x, /) • <? is defined by 

(5.22) (y,^(x,f)-g) = -([y,^(xj)},g), for ally eg. 

The fundamental identity (I5.21j) suggests defining a bracket on g ® g* by 

(5.23) [x ® /, y g] = [tftx, /), y]®g + y® 4>{x, f) ■ g. 
Proposition 5.14. [17] The bracket ()5.23j) turns into a Leibniz algebra. 
Proposition 5.15. Let a £ Auts(B, g) be an involution, then (g <8) g*, [., fi, Bq), where 

(5.24) fi(x«/)=a(i)«/oa, 

(5.25) [x® f,y®g]n = Slo[x® f,y®g], 

(5.26) B n {x®f,y®g) = (a(x),g){a(y)J), 
is a multiplicative quadratic Hom-Leibniz algebra. 

Proof. Let x, y,z £ Af, f,g,h £ Af*. Using ([5T2T?]) and ([5"T2"2"]) . we have 

B(y, a{4>{x ® /))) - S(a(i/), 0(x ® /)) 

= (["(2/).^],/) 
= <a(h/,a(s)]),/> 

= B(y,cj)(a(x) ® foa), 
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and 

(y, (<l>(x, f) ■ 9) °a) = (a(y),(l>(x, f) ■ g) 

= -([a(y),^(x,f)],g) 
= -(a([y,a((f>{x,f))]),g) 
= -([y,a((j){xJ))},goa} 
= -{[y,<t>{a{x),foa)],goa) 
= (y,<P(a(x)Joa) ■ (go a)). 

Thus, wc obtain the following identity 

a(4>(x ® /)) = <j>(a(x) ® / o a), 

(<t>( x : /) ' ff) " = 4>(a(x),f o a) ■ (g o a). 

Therefore 

® f,V ® 9]) = ot(y>(x, /), y]) <g> g o a + a(y) ® /) ■ g) o a 

= [a(<l>(x, /)), «(y)] ®J°a + a(y) ® (^(x, /) • .9) o a 

= [</>(a(x) ® / o a), a(y)] (8> 3 ° a + a(y) <S> </>(a(x), / o a) ■ (g o a) 

= [a(x) ® / o a, a(y) ® joa] 

= [fi(a?8)/),fi(y8>ff)]. 

Thus, fi([x®/, y® 3]) = [0(x® /), f2(y®<?)]. Then using Theorem [T31 (g<8>g*, [., .]n, is a multiplicative 

Hom-Leibniz algebra. 

Since a is an involution, then 

Bn([x ® f,y <8 z®h) = Ba(a([<f>(x, /), y]) ®joa,z®/i) + B n (a(y) ® (0(x, /) ■ff)oa,z8 ft) 

= ([^/l.i^W^),?^) + (y,h)(a(z), (</>(x,/) • 5) oa) 
= ([0(x, /), y] , ft) (z, g) + (y, ft) (z, <f>(x, f) ■ g) 
= ([0(x, /), y] , ft) (z, 5 ) - (y, &>([*, 0(x, f)],g) 
= -(([z, 0(x, /)], 5 )(y, ft) - (z, g)([4>(x, /), y], ft)) 
= -^o(y ® 5, [x <g> /,z ® ft]o). 

Finally, the bilinear form is symmetric nondegenerate and invariant. Then (g <8> g*, [., .]n, _Bq) is a 
multiplicative quadratic Hom-Leibniz algebra. □ 

The inner product on g sets up an isomorphism b : g — > g* of g-modulcs, defined by x* = b(x) = -B(x, •). 
The map <f> defined by equation (|5.20[) induces a map T : g ® g -> g, by T(x ® y) = <f>(x <8> y*). In other 
words, for all x, y, z <E g, we have 

B{T(x®y),z) =B([z,x],y), 

whence 

T{x®y) = -T{y®x). 

This means that T factors through a map also denoted T : A 2 g — >• g. 
Using T we can define a ternary bracket on g by 

(5.27) [x,y,z] := [T(x®y),z] 

and (g, [., ., .], B) is a quadratic ternary Nambu algebra. 

Proposition 5.16. Let (g, [■, -],B) be a real finite- dimensional quadratic Lie algebra and a £ Auts(B,Q) 
be an involution. Then (g, a o [-,-,■], (a, a), B a ), where the bracket is defined in \5.27\ and B a (x,y) — 
B(a(x),y), is a quadratic multiplicative ternary Hom-Nambu algebra. 
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6. CENTROIDS, DERIVATIONS AND QUADRATIC n-ARY HOM-NAMBU ALGEBRAS 

In this section we first generalize to n-ary Hom-Nambu algebras the notion of centroid and its properties 
discussed in [35]. We also generalize to Horn setting the connections between centroid elements and 
derivations. Finally we construct quadratic n-ary Hom-Nambu algebras involving elements of the centroid 
of n-ary Nambu algebras. 

6.1. Centroids of n-ary Hom-Nambu algebras. 

Definition 6.1. Let (TV, [•,...,-], a) be a multiplicative n-ary Hom-Nambu algebra and End(N) be the 
cndomorphism algebra of TV. Then the following subalgcbra of End(Af) 

(6.1) Cent{Af) = {9 £ End(N) : 9[x 1 ,...,x n ] = [6x u ..., x n ], \/x, £ TV}, 
is said to be the centroid of the n-ary Hom-Nambu algebra. 

The definition is the same for classical case of n-ary Nambu algebra. We may also consider the same 
definition for any n-ary Hom-Nambu algebra. 

Now, let (TV, [•,...,•], a) be a multiplicative n-ary Hom-Nambu algebra. We denote by a k , where a £ 
End{J\T), the fc-timcs composition of a. We set in particular a -1 = and a = Id. 

Definition 6.2. An o^-ccntroid of a multiplicative n-ary Hom-Nambu algebra (A/", [•, ■],«) is a sub- 
algebra of End(M) denoted Cent a k(Af), given by 

(6.2) Cent ak {N) = {9 £ End(Af) : 6[xi,...,x n ] = [9x u a k (x 2 )..., a k {x n )], V Xl £ TV. 
We recover the definition of the centroid when k = 0. 

If TV is a multiplicative n-ary Hom-Nambu-Lie algebra, then it is a simple fact that 

8[xi,....,x n ] = [a k {x\), ...,6x p , ...,a k (x n )}, Vp £ {l,...,n}. 
Lemma 6.3. Let (TV, [•, •]) be an n-ary Nambu-Lie algebra. If £ Cent(N), then for x\ t ...,x n £ TV 

(1) [e^x 1 ,...,e^x n ) = e^+-+^[x 1 ,...,x n }, vj>i,...,p„eN > 

(2) [d^x 1 ,...,9^x n ] = Sgn{a)[6^x a{x) ,...,6^x a{n) \, V Pl , ...,p n £N andVa £ S n . 
Proof. Let 9 £ Ceni(TV), x\, x n £ TV and 1 < p < n, we have 

[0 p xi,...,x n ]=6[0P- 1 x 1 ,...,x n ] = ... = 9P{x 1 ,...,x n }. 
Also, observe that for any k £ {1, ...,n} 

[x 1 ,...,9 p x k ,...,x n \ = -[9 p x kl x 2 ,...,x 1 ,...,x n ] = -9 p [x kl x 2 ,...,x 1 ,...,x n ] = 9 p [x u x k , x n ]. 
Then, similarly we have 

[9 p 'x 1 ,...,9 p "x n } = 9 p "[9 Pi x 1 ,...,9 p ^x n - 1 ,x n ] - ... = e p '+- +p -[x 1 , ...,x n }. 
The second assertion is a consequence of previous calculations and the skew-symmetry of [•,..., •]. □ 

Proposition 6.4. Let (TV, [•, •]) be an n-ary Nambu-Lie algebra and 9 £ Ceni(TV). 
Let us fix p and set for any x\, x n £ TV 

(6.3) {xi,..., Xn\p — \9x \ , . .. , 9xp—i , 9xp, Xp+\ , . .. , x n ] . 
Then (TV, {•, -} p , 9 = (9, 9)) is an n-ary Hom-Nambu-Lie algebra. 
Proof. For 9 £ Cent(M) and p £ {1, n}, we have 

{9xi, ...,8x n -i, {yi, —,y n }p}p = [9 2 xi, ...,9 2 x pi ...,6x n -i, [9y 1} ...,9yp, ...,y„]] 

= [9 2 x 1 ,...,9 2 x pi ...,9x„^i 1 9 p [y 1 , ...,y n ]] 
= 9 2p+n - 1 ([x 1 ,...,x n . 1 ,[y 1 ,...,y n }}). 
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In the other hand we have 

n 

k=0 

p n 

k=0 k=p 
P 

= ^2{O 2 yi,-,0[Qxi, -,0x p , ...,x n -i,y k ], ...,9 2 y p ,...,6y n ] 

k=Q 
P 

+ ^2[0 2 yi, -,Q 2 yp, •••) [fei, -,fep, ...,x Il _i,y fc ], ...,0y n ] 

fc=0 

p p 



fc=0 

Therefore the Hom-Nambu identity with respect to the bracket [•,...,•] leads to the Hom-identity for 
{•, •};. The skew-symmetry is proved by second assertion of Lemma 16.31 □ 

6.2. Centroids and Derivations of Hom-Nambu algebras. Let (TV, [•,...,•], a) be a multiplicative 
n-ary Hom-Nambu-Lic algebra. 

Definition 6.5. For any k > 1, we call D G End(N) an a k - derivation of the multiplicative n-ary 
Hom-Nambu-Lic (J\f, [-,...,-], a) if D and a commute and we have 

n 

(6.4) D[xi, x n ] = J2[a k {xi), a k (xi-i), D(xi), a k {x i+ i), a k {x n )}. 

i=l 

We denote by Der a k (A/ - ) the set of a fe -derivations. 

For x = (xi, ...,x n -\) G Af n ~ 1 satisfying a(x) = x and k > 1, we define the map ad k (x) G End(N) by 

(6.5) ad k (x)(y) = [ (y)] VyG/V. 

The map adk(x) is an a fc+1 -dcrivation, that we call inner a fc+1 -dcrivation. We denote by Inn a k(J\f) the 
space generated by all inner a fc+1 -derivations. 
Set Der{M) = Der a k{M) and Inn(Af) = Inn a n{M). 
k>-\ fe>-l 

Lemma 6.6. for Z? G Der a k(M) and D' G Der a k>(Af), where k + k' > —1, we have [D,D'} G 
Der a k+k' (Af) , where the commutator [D,D'] is defined as usual. 

Now, we define a linear map q : Der a k(N) — > Der a k+i(Af) by s(D) = a o D. Since the elements of 
Der ak {M) and a commute then <, is in the centroid of the Lie algebra (Der(Af), [■, •]). 
Hence, using Proposition 16.41 we have 



Proposition 6.7. Let (TV, [•,...,•], a) be a multiplicative n-ary Hom-Nambu-Lie algebra. The triple 
(Der(N), [•, -] ? , where the bracket is defined by [•, -] s = q o [•, is a Horn-Lie algebra. 



Proposition 6.8. Let (A/", [•, •], a) be a multiplicative n-ary Hom-Nambu-Lie algebra. If D G Der a k (J\f) 
and 9 G Cent ak > (W), then 9D G £>er Qfc+fe - (M). 
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Proof. Let xi, x n e TV then 

n 

6D([xx, x„]) = 0[a fe (xi), D( Xi ), a k (x n )] 

i=l 
n 

= ^> fc+fe ' ( Xl ), 0Z>(a;<), « fc+fc ' (*»)]• 

i=l 

Thus is an a fc -derivation. □ 

Now we define the notion of central derivation. Let (TV, [-,...,-], a) be a multiplicative n-ary Hom-Nambu- 
Lie algebra. We set Z(JV) = {x e A/" : [x,yi, ...,y„_i] = 0, V yi, ... ,y n -i 6 A/"}, the center of the n-ary 
Hom-Nambu-Lie algebra. 

Definition 6.9. Let (f G End(N), then </? is said to be a central derivation if <p{N) C Z(Af) and 
<p([tf,...,M]) = 0. 

The set of all central derivations of TV is denoted by C (TV) . 

Notice that an a fe -derivation <p is a central derivation if <^(TV) C Z(Af). 

Theorem 6.10. Let (TV, [•,...,•], a) be a multiplicative n-ary Hom-Nambu-Lie algebra. Let D in Der a k(M) 
and 8 in Ceni(TV) such that [8, a] = ; t/ien we Ziai/e 

(1) [D,8] is in the a k -centroid o/TV, 

(2) if [D,8] is a central derivation then D8 is an a k -derivation o/TV. 
Proof. (1) Let D € Der a k(J\f), 8 € Cent(N) and xi, ...,x„ £ TV we have 

D6»([xi, ...,x n ]) = D([0xi, ...,x„]) 

n 

= [DBx u a fc (x„)] + ^[cv fe (6<xi), D(xi), a k (x n )} 

i=2 
n 

= [D6xi, a k (x n )} + ^[6>a fc (xi), D( Xi ), a fc (x„)] 

i=2 
71 

= [L>6»xi a fc (x„ )]+ ^ [a fe (xi ),..., 6»D (x, ),.., a fe (x„ )] 

i=2 

= [L»6»xi,...,a fc (x„)] +6»Z?([xi,...,x„]) - [6Dx u .... a fe (x„)]. 

Then 

(D0 - 0-D)([xi, ...,x„]) = - 0D)xi,a fc (x 2 ), ...,a fc (x„)]. 
That is, [L>, 8} = D8 - 8D £ Cent k (N). 

(2) Using Proposition ^. 8[ 6*D is an a fe -derivation and since [D, 8] is a a fc -derivation, then D# = [D, 8]+8D 
is also an a fc -derivation. □ 

Let A be a K-vector space, u be an n-linear map on A and n be linear maps on A. Let (A, //, n) be 
a multiplicative symmetric n-ary totally Horn-associative algebra. The n^-centroid Cent r] k(A) of A is 
defined by 

Cent,* (A) = {/ e Snd(A) : /(/i(ai, a„)) = "(/(ai), r/ fc (a 2 ), n fc (a„))}, 
for all a 2 ; € A and i G {1, ...,n}. The set of n fc -derivation, Der n k{A), is a subset of End(A) defined 

n 

by y £ End(A) such that <p((J,(ai, ...,a n )) = ^ u(r/ fc (ai )•■•■, ?7 fc (ai-i), p(a»)> " fe (ai+i), — , for all 

i=l 

aj e A. 

Theorem 6.11. Let (A, /i, 77) 6e a multiplicative symmetric n-ary Horn-associative algebra and (TV, [■, •], a) 
be a multiplicative n-ary Hom-Nambu-Lie algebra, then we have the following assertion 
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• If f £ Cent r] k{A) and 9 £ Cent a k(Af), then f <E> 9 is in the ( k -centroid, where £ fc = r\ k ® a k , of 
the Hom-Nambu-Lie algebra A & Af defined in \1.7\ 

• If f £ Cent rl k(A) and D £ Der a k(Af), then f <S> D is a £ -derivation of the Hom-Nambu-Lie 
algebra A ® Af '. 

Proof. Let a; £ A, i, e jV where i £ {1, n} and / be a n fe -centroid on A. 

• If 9 £ Cent a k(Af), then 

(/ <g> 0)([ai ® xi,...,a„ ® x„]) = (/ ® 9)(fi(a 1 , ...,a n ) ® [xi, ...,x„]a/") 

= /i(/(ai),7y fc (a2),-,?? fc (an)) ® [0(xi), a fc (x 2 ), a^x,,)]^ 
= [(/ ® 0)(ai ® xi), C fe (a 2 ® x 2 ), C fc (a« ® x„)]. 

Thus / ® 9 is in the C fe -centroid of A (g> AT. 

• If D G Der a k(Af), then 

]) = / (g> D((ai • ... • o n ) <g> [xi, ...,x„]) 

n 

= ^(f(a 1 ),i 1 k (a 2 ), ...,r? fc (a„)) ®^[a fc (xi), D(x t ), ...,a k (x n )} 

i=l 

n 

= ^2v(v k (a>i), •••» f(ai), -,V k (an)) ® [a k (x 1 ),...,D(x i ),...,a k (x n )]M 

i=i 

n 

= ^2l( k (ai ®xi),...,(/<8>D)(oj ®x l ),...,C fc (ar l ®x„)]. 

i=l 

Therefore / <g> £) is a (^-derivation of A ® TV. □ 

6.3. Centroids and Quadratic n-ary Hom-Nambu algebras. Let 9 £ Cent(Af) such that 9 is 
invertible and symmetric with respect to B (i.e. B(9x,y) = B(x,9y) ). We set 

Cents {AT) = {9 £ Cent(Af) : 6> symmetric with respect to B}. 

Theorem 6.12. Let (Af, [•,...,•], B) be a quadratic n-ary Nambu-Lie algebra and 9 £ Cents(Af) such 
that 9 is invertible. We consider a bilinear form Bg defined by 

B e : AfxAf — ► K 

(x,y) i — > B(9x,y). 

Then, (Af, {■, •};, (9, 9), Bq) is a quadratic n-ary Hom-Nambu-Lie algebra. 

Proof. It easy to proof that Bg is symmetric and nondegenerate. 
We have also 9 is symmetric with respect to Bg, indeed 

Bg{9x,y) = B{9 2 x,y) = B(9x,9y) = Bg{x,9y). 

The invariance of Bg is given by, set I £ { 1 , . . . , n — 1} 

Bg({xi, x n -i,y}i, z) = B g ([9xi, 9xi, —, x n -i,y],z) 

= B(9[9xi, 9xi, —, x n -i,y],z) 

= B([9 2 xi, ...,9xi, ...,x n -i,y], z) 

= -B(y, [9 2 xi, ...,9xi, ...,x n -x,z]) 

= -Bg(y, [9xi,...,9xi, ...,x„_i,z]) 

= -Bg(y, {xi, ...,x n -i, z}i) 

In the other hand, when I = n we have [9x\, 9x n ] = [9 2 x\, 9x n -\, x n ] then it's a consequence of the 
previous calculations. 

Therefore (Af, {■, ■};, (9, 9), Bg) is a quadratic n-ary Hom-Nambu-Lie algebra. 

Notice that Bg is also an invariant scalar product of the n-ary Nambu-Lie algebra Af. □ 
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